We have studied the exact solution of the extended cluster compass ladder, which is equivalent to extended quantum compass model with cluster interaction between next-nearest-neighbor spins, by using the Jordan-Wigner transformation. We show that this model is always gapfull except at the critical surfaces where the energy gap disappears. We obtain the analytic expressions of all critical couplings which drive quantum phase transitions. This model shows a rich phase diagram which includes spin-flop, strip antiferromagnetic and topological ordered on the legs, in addition to the phase with antiparallel ordering of spin y component on the rungs. We study also the universality and scaling properties of the three point correlation functions derivatives in different regions to confirm the results obtained using the energy gap analysis. On the other hand, we have replaced the cluster interaction with usual form and using the Lanczos method a numerical experiment is done. Analyzing the numerical results, we show that the effect of the cluster interaction between next-nearest-neighbor spins is completely different from the usual form.
be procreated using optical lattices [29] , which has been shown to play an important role as a resource in the context of quantum computation [30] [31] [32] [33] [34] .
In this paper, we obtain the exact solution of ECCL by using the Jordan-Wigner (JW) transformation. We show that this model reveals a rich phase diagram which includes quantum critical surfaces depending on exchange couplings. Moreover, because of nice scaling properties of correlation functions, we will study the divergence and scaling properties of three point correlation (TPC) function near the quantum critical points (QCP). However, we have considered the extended compass zigzag ladder (QC model with added usual NNN interaction) which is not exactly solvable, and we have studied the magnetic induced effects of the usual NNN interaction on the ground state phase diagram of the QC model using the numerical Lanczos method. Based on the numerical results, we show that the effect of the cluster interaction between NNN spins is completely different from the usual form.
The paper is organized as follows: In the next section, the model is introduced and the exact solution is determined analytically. In the section III, the ground state phase diagram is obtained. In the section IV, the universality and scaling behavior of the TPC function is investigated. In section V, the results of a numerical simulation on the ground state phase diagram of the QC model with added usual NNN interaction are presented. Finally, we will discuss and summarize our results in section VI.
II. HAMILTONIAN AND EXACT SOLUTION
The Hamiltonian of a 1D cluster compass ladder is given by where J 1 and J 2 are the odd bond exchange couplings, L 1 is the even bond exchange coupling while J 3 denotes the strength of the cluster interaction and N = 2N is the number of spins. We assume periodic boundary conditions. Note that the Hamiltonian is invariant under J n , L 1 −→ −J n , −L 1 , (n = 1, 2). We can understand this by noting that a π-rotation around z axis on odd (or even) sites maps H(J 1 , J 2 , L 1 , J 3 ) to H(−J 1 , −J 2 , −L 1 , J 3 ). This is a consequence of the Z 2 × Z 2 symmetry of the cluster state implemented precisely by U 1 and U 2 [32] . Therefore, without loss of generality we can restrict ourselves to J 2 , L 1 , J 3 ≥ 0. In order to diagonalize the Hamiltonian we shall first express the Hamiltonian (Eq. (9)) in terms of fermion operators. This can be done in usual way applying the Jordan-Wigner transformation [16, 36, 37] as defined below, The crucial step is to define the independent Majorana fermions [16, 37, 38] 
. This can be regarded as quasiparticles' spin or as splitting the chain into bi-atomic elementary cells [16, 37] . Substituting for σ x j , σ y j and σ z j (j = 2n, 2n − 1) in terms of Majorana fermions with antiperiodic boundary condition (subspace with an even number of fermions) followed by a Fourier transformation, Hamiltonian Eq. (9) (apart from additive constant), can be written in the diagonal block form
where
The matrix A(k) can be diagonalized easily and we find the Hamiltonian Eq. (1) in a diagonal form
The ground state (E G ) and the lowest excited state (E E ) energies are obtained from Eq. (2),
which can be written as a function of a and b,
The energy gap will occur at a wave vector k 0 that
The energy gap wave vector k 0 is given by
The system is at criticality when the gap vanishes. It can be shown that the gap of the spectrum vanishes at J
with ordering of wavevectors k 0 = 0 and k 0 = π respectively. Moreover there is an additional phase transition at J k0 3 = −ı √ J 1 J 2 which shows the commensurate and incommensurate transition and it will show the effect of disorder on the phases [40] . The phase boundary separates the commensurate phase from the incommensurate phase (Cluster phase) with ordering wavevector given by Eq. (4). The incommensurate wavevector pick up a value cos k 0 = −L 1 /2J 2 ( Fig. (3) ) at the phase boundary. So, the quantum phase transition (QPT) which could be driven by cluster interaction, depending on exchange couplings, occurs at J there are two phases, the strip antiferromagnetic phase (IV) which exists below the blue convex surface and the cluster phase (III) which is above it. For J1 < 0, J2 > 1 2 the system displays a cluster phase (III) above the blue and purple convex surfaces. The purple convex surface manifest boundary between parallel order of the spin x component (V) on odd bonds and cluster phase (III). 
III. PHASE DIAGRAM
For J 3 = 0 (the interactions along the legs are zero) the model has been decoupled to two 1D extended compass model. The complete phase diagram of the extended compass model has been reported in Refs. [18, 19] and [20] . They have shown that the first-order transition occurs at the multicritical point where a line of first-order transition (J 1 /L 1 = 0) meets with a line of second order transition (J 2 /L 1 = 1). Also, there are four gapped phases in the exchange couplings' space,
In this region the ground state is in the Neél phase along the x axis.
• (II) J 1 > 0, J 2 > 1: In this case there is antiparallel ordering of spin y component on odd bonds.
• (III) J 1 < 0, J 2 > 1: In this case there is parallel ordering of spin x component on odd bonds. • (IV) J 1 < 0, J 2 < 1: In this region the ground state is in the strip antiferromagnetic (SAF) phase.
For J 1 = J 2 = L 1 = 0, the ground state is a cluster state [41] . The Phase diagram of the cluster compass ladder is shown in Fig. (2) . Depending on the exchange couplings, the cluster exchange could result phase transitions at J 
Fig . 4 (a) shows NN correlation functions on odd and even bonds and E 3 for an infinite system size in the region (I) (J 1 = 1, J 2 = 0.8). In this region tuning the cluster exchange forces the system to fall into a topological (cluster) phase. The spin-flop-topological phase transition occurs at J 2)) under which surface the ground state is in the spin-flop phase (the Neél order along the x axis). It is seen in Fig. 4 (a) that the onset of the cluster exchange sets up the E 3 immediately, and its absolute value continuously increases with an increase in J 3 to its saturated value. However, the antiparallel order of the x and y spin components on odd (G In the region (II) the gap decreases with increasing the cluster exchange and disappears at the lower critical point J 2)).
One of the interesting features of this model is the existence of phases that appear because of the competition between the usual term and cluster terms. A surprising result occurs in J 1 < 0 and J 
As it is clear the spin components decreases with an increase the cluster interaction and E 3 increase as J 3 increases but there is a kink on the spin x and y components on the odd bond and cluster interaction. The purple convex surface shows the topological phase transition surface under which surface the ground state is in the parallel order of the spin x component on odd bonds (V) and topological phase (III) which is above it. In this region the derivatives of spin components (except G xx E ) and cluster interaction with respect to J 3 show the divergence in this region.
IV. UNIVERSALITY AND SCALING OF CORRELATION FUNCTIONS
The finite size scaling method is an efficient way for extracting critical exponents from finite-size systems results. In this method one should compare a sequence of finite lattices. The finite lattice systems are solved exactly, and various quantities can be calculated as a function of the lattice size N , for small values of N . Finally, these functions are scaled up to N −→ ∞. In relation to this topic, an interesting topic is the study of non-analytic behavior and finite size scaling of two-point correlation function [20] . In principle, two-point correlation functions show the universality and scaling around the QCP and could capture QCP and also could reveal the scaling and universality of entanglement near the QCP. In this section we will study the behavior of TPC function derivative with respect to the cluster interaction. Figure 6 in where dE 3 /dJ 3 becomes more pronounced by increasing N . It is also deduced that, at the QCP the TPC function derivative, dE 3 /dJ 3 , is an extensive quantity and diverges for the infinite chain. In the other hand, by increasing N , the pseudo-critical point comes close to the real critical point J c 3 . It is suggested a scaling behavior as
In Fig. 6(b) , the value of ln(J 
However, correspond to the scaling ansatz [52] , it is more convenient to write the TPC function derivative in a finite size system as
where F (x) is known as the scaling function. To find the critical exponent ν, we have plotted 1 Fig. 7(a) . The curves which correspond to different chain sizes clearly collapse on a single universal curve with ν = 1.00 ± 0.01. Which is exactly the same as the critical exponent of the correlation length of ITF model.
We have also investigated the behavior of the TPC function derivative in other regions. The results in the region (J 1 > 0, J 2 > 1) are very interesting. As mentioned with increasing the cluster interaction, two quantum phase transitions will be happened at J 3 . The signature of these critical points clearly seen in Fig. 7 (b) . It can be seen that the dE 3 /dJ 3 for different N all show two drops with a bit different position at the pseudo-critical points J M in1 3 and J
M in2 3
. We did the same analysis and results are presented in Table I . The results show that the quantum phase transitions in this region also take in the universality class of the ITF model. As it is mentioned, in the region J 1 < 0 the derivatives of NN correlation functons and TPC function with respect to J 3 show the divergence at the critical point J π 3 , J k0 3 , (Fig. (8) ). Unfortunately, unlike the scaling behavior of TPC function at the usual critical surfaces (J In Refs. [31, 32] it was shown that the cluster-Ising model with open boundary conditions has a fourfold degenerate ground state that possesses symmetry-protected topological order [42] [43] [44] [45] , reflecting the existence of the edge states [46] . Without symmetry, the cluster phase is a (non topological) quantum spin liquid, since there is a gap and no symmetry is spontaneously broken. We expect that this model has similar features, though the presence of the nontrivial phases transition surface J k0 3 , at which the ground state is double degenerate, makes the situation more complicated. Although local order parameter does not exist to characterize the topological phase, a promising route to the characterization of topological phase transition is the study of the geometric entanglement [47, 48] in ECCL,
where |ψ is the ground state of the system and |φ(θ) is the closest separable state and is defined as
The numerical results of the geometric entanglement are plotted in Fig. (9) for the chain sizes N = 12, 16. As is seen, the geometric entanglement is size-independent only in the cluster phase (J 3 > J c 3 ). The entanglement in the Neel phase is very small, but in the other regions of the ground state phase diagram has a significant value. By increasing J 3 , the entanglement remains almost constant up to the quantum critical point. At the critical value of the cluster interaction, a signature of the quantum phase transition is seen in Fig. (9) (b). Which shows a dramatic change in the structure of the ground state of the system. Topological order gives rise to a ground state degeneracy that depends on the topology of the system and is robust against any local perturbations [49] . Because of this property, topologically ordered systems appear to be good candidates for robust quantum memory and fault-tolerant quantum computation [50] . Not only can topological order explain exotic phases of matter but it offers a whole new perspective to the problem of elementary particles [51] .
V. FRUSTRATED COMPASS MODEL
In this section we consider the 1D frustrated quantum compass model with the Hamiltonian where J 3 denotes the usual NNN coupling. In following, using the numerical Lanczos method we study the effect of the frustration (J 3 ) in the ground state phase diagram of the QC model. Due to the exponential growth of the Hilbert space, numerical Lanczos simulation is limited to very small systems. Here we have studied finite chains with N = 12, 16, 20, 24 spins and periodic boundary conditions. The following quantities are computed: (i) the low-lying energies of the spectrum, (ii) spin-spin correlation functions and the spin structure factors, (iii) the Neel and stripe antiferromagnetic order parameters.
A. Region I: J1 > 0 and J2 < 1
The ground state of the QC model is known to be in the gapped Neel phase in the region (J 1 > 0, J 2 < 1) [19] . To study the induced effects of the NNN interaction on the magnetic behavior of the ground state we did a very accurate simulation and the results are presented in Fig. 10 for the values of exchanges (J 1 , J 2 ) = 2.0, 0.5. It is known that the energy gap is very informative and plays very important role in the quantum phase transition. Analyzing the numerical results of three lowest levels, we found the energy gap in finite chains should be considered as the difference between the energies of the ground and second excited states. From Fig. 10(a) , it is clearly seen that the system is gapped at J 3 = 0 in good agreement with previous works [18, 19] . Also, the energy gap shows a universal behavior in respect to the frustration. As soon as the frustration is added the energy gap decreases and shows two minimums at certain values of the frustration. The location and value of minimums depend on the size system (N ). In principle the minimum value of the gap decreases with increasing the chain size and using an extrapolation technique we found the gap will be closed in the thermodynamic limit N at critical frustrations J c1 3 = 0.27 ± 0.01, J c2 3 = 0.77 ± 0.01. It should be noted that the 1D frustrated compass model in this region is gapped elsewhere. It means that by tuning the exchange interactions, the ground state of the system can be found in one of the three different gapped phases. Immediately, a question is arises about magnetic ordering of the system in these different gapped phases.
In numerical simulations, the best way to know the long-range magnetic order is the study of the spin-spin correlation function defined by
and the spin structure factor at the momentum q defined by
The spin structure factor gives us a deep insight into the characteristics of the ground state. In Fig. 10(b) we have plotted G . By more increasing the frustration, S xx (q = π)/(N − 1) drops down and a profound size effect is seen in the amplitude. In the inset of this figure, the effect of the size is checked. As is seen, the Neel ordering exist only in the region J 3 < J 3 , the behavior of the x component of the correlation function suggests a different magnetic ordering. In this new phase, spins on even bonds are pointed in the same direction and those on odd bonds are pointed in the opposite directions. This is known as the stripe-antiferromagnetic-I phase [19] and can be recognized from the stripe-antiferromagnetic-I (SAF-I) magnetization defined as
Since in a finite system no symmetry breaking happens, the Lanczos results lead to zero value of M x sp−I . However we computed the correlation function of the SAF-I order parameter given by
Numerical results of χ xx I are plotted in Fig. 11 . The negative value of χ xx I in values of frustration J 3 < J c1 3 is originated from the Neel phase in finite size systems. In the intermediate region, the small value of the χ xx I goes to zero in the thermodynamic limit N −→ ∞ (Inset of Fig. 11) . But in the region J 3 > J c2 3 a profound SAF-I order exists in the x direction. By investigating the N dependence of χ xx I /(N/2 − 1), we found that the mentioned SAF-I order is the long range (Inset of Fig. 11) .
B. Region II: J1 > 0 and J2 > 1
It was found that the ground state of the 1D QC is in a gapped hidden order in this region of the exchange parameters. To draw a picture of the induced effects of the frustration we have implemented our Lanczos algorithm for different chain sizes N = 12, 16, 20, 24 and different values of the exchanges. In Fig. 12 , we have presented numerical results for the values of the exchanges parameter corresponding to (J 1 , J 2 ) = (2.0, 3.0).
In this region, we found the energy gap is characterized as a difference between the energies of the ground and first excited states. It is clearly seen from Fig. 12(a) that the spectrum of the model is gapped in the absence of the frustration, J 3 = 0, in good agreement with previous works [18, 19] . Adding the frustration, the energy gap remains almost constant in the region J 3 < J c 3 but decreases rapidly as soon as the frustration becomes larger than the critical frustration J c 3 , which suggest that the frustration has the ability to induce a new gapped phase in this region of the ground state phase diagram. To find the kind of the magnetic ordering in this new gapped phase we have calculated the spin-spin correlation functions. In Fig. 12(b) we have plotted G xx 1 as a function of n for values of frustration more than critical J c 3 . It can be seen that the x component of the spins on even bonds are pointed in the same direction and those on odd bonds are pointed in the opposite direction. Moreover, by increasing frustration, the amplitude of the correlation between spins on even bonds increases which shows that the frustration destroys quantum fluctuations. In addition, in the inset of Fig. 12(b) , G xx 1 is plotted for values of frustration J 3 < J c 3 where no long range order is seen. The behavior of the spin-spin correlation function shows that the suggested gapped hidden order in the 1D QC model [18] will not surrender by adding the frustration and remains stable up to a critical frustration J Fig. 12(c) . The negative value of χ xx I at J 3 = 0 is originated from quantum fluctuations in hidden gapped order. By increasing the frustration χ xx I starts to increase but the overlapping data in the region J 3 < J c 3 is the indication of the short range correlations. In contrast, in the region of enough strong frustrations
and the correlation function of the SAF-II order parameter given by
It has been shown that the induced quantum fluctuations by adding the exchange J 2 in this region cannot destroy the structure of the mentioned phase [19] . Since the NNN interaction will not induce the frustration on the ground state of the system, we did not expect to find a quantum phase transition. The numerical results for exchange parameters J 1 = −2.0 and J 2 = 0.5 and chain sizes N = 12, 16, 20, 24 are plotted in Fig. 14 . It is clearly seen that the system is gapped at J 3 = 0. Adding the NNN interaction, the desired gap grows linearly. In the inset, the correlation of the SAF-II, χ xx II is plotted as a function of the NNN interaction. It is completely clear that the long range order of the SAF-II phase is extended in total phase space.
VI. CONCLUSION
In this work we have studied the difference between the induced quantum phases of the cluster interaction between next-nearest-neighbor (NNN) spins with the usual NNN interaction. In the first step, using the Jordan-Wigner transformation, an exact solution is obtained for the 1D quantum compass model with cluster interaction. We have obtained analytic expressions for critical couplings which drive quantum phase transitions. A rich quantum phase diagram including spin-flop, strip antiferromagnetic, antiparallel ordering of spin x component on the leges and a magnetic phase with antiparallel ordering of spin y component on rungs is obtained. In addition, the universality and scaling properties of the nearest-neighbor correlation functions derivatives in different regions are studied to confirm the results obtained by the energy gap analysis. In the second step, we have replaced the cluster interaction with the usual form of two point interaction. Using the numerical Lanczos method the Hamiltonian of the model is diagonalized for small chains up to N = 24 spins. Analyzing numerical results, we have shown that the effect of the cluster interaction between NNN spins is completely different from the usual form. In fact, the Neel and two kinds of stripe antiferromagnetic phase (SAF-I and SAF-II) are found in the ground state phase diagram of the QC with added usual NNN interaction.
It would be interesting to study the model in the presence of a transverse field. We have used the Jordan-Wigner transformation for searching the phase diagram. We have been able to obtain the scaling behavior of the NNC functions and NNNC functions versus the magnetic field. The results is very interesting and show that there are several nontrivial topological phase transitions in the extended cluster compass ladder in a transverse field in different regions. However, the quantum information properties (entanglement, concurrence, quantum discord), quench dynamics and dynamics of entanglement of the model has been studied in peresence/absent of the magnetic field. As a consequence, we have found qualitative differences derived from the nontrivial topological phase transitions.
